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The Transonic Turbine Test Rig of the Turbo-Propulsion
Laboratory, Department of Aeronautics, of the Naval Post-
graduate School was designed to investigate the performance
of turbines with transonic or supersonic rotor inlet
velocities. The test rig has provisions for testing single
stage axial turbines at high pressure ratios and at variable
axial and radial clearances. The present study describes
the calibration of the turbine test rig with an impulse
turbine at high pressure ratios. The turbine stage consists
of a double circular-arc rotor with sharp leading edges and
a stator with converging nozzle type blading. The results
of the flow rate calibration and labyrinth seal leakage tests
are described. The instrumentation necessary to separate
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A Cross-sectional area (in )
a Plow channel throat diameter (in)
a Speed of sound (ft/sec)
b Blade width (in)
2 2
C Conversion factor, 2gjc (ft /sec - °R)
P




P Force (lb )
2
g Gravitational constant (32.174 lb - ft /lb - sec )
h Blade height (in)
HP Horsepower




J Conversion factor (778.16 ft - lb /BTU)
K .Jork coefficient (dimensionless
)
K. Head coefficient (dimensionless)
is
Flow nozzle discharge coefficient (dimensionless)
n
M Moment (ft - lbf )
M Absolute Mach number (dimensionless)
M Relative Mach number (dimensionless)
R
N Rotational speed (rpm)
P Total pressure (psia)
P Static pressure (psia)
R Gas constant (ft - lb ./lb - °R)
i m
R Reynolds number (dimensionless)
R Mean radius (in)
r Radius (in)
r Labyrinth pressure ratio (dimensionless
)
r* Theoretical degree of reaction (dimensionless)
s Distance between blades (in)
s Entropy (BTU/lb - °R)
m
T Static temperature (°R)
T Total temperature (°R)
t Blade thickness at trailing edge (in)
t Static temperature (°P)
t. Total temperature (°F)
U Peripheral velocity (ft/sec)
V Absolute velocity (ft/sec)
jJ Relative velocity (ft/sec)
•
W Flow rate (lb /sec)x m '
Y-, Expansion factor (dimensionless)
Z Number of blades in a row
Greek
CI Absolute floxv discharge angle (degrees)
& Coefficient of thermal expansion of flow nozzle
(dimensionless
)
/j Relative flow discharge angle (degree)
*y Ratio of specific heats (dimensionless)
O Referred pressure (dimensionless)
L, Loss coefficient (dimensionless)
Tj Efficiency (dimensionless)
(j Referred temperature (dimensionless)
q Area restriction factor (dimensionless)
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($> Flo.\r function (diniensionless )
cj) L Referred labyrinth seal leak rate (in )




ax Area normal to the axial direction
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n Flow nozzle properties
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1 Stator discharge properties





Turbines for modern gas turbine plants and jet pro-
pulsion units must operate at high pressure ratios. It
is advantageous to use stages with supersonic or transonic
flows in the rotating rows thereby limiting the number of
stages and increasing the specific work output. Although
the efficiency of such stages may prove to be somewhat
lower than that of rotating rows with subsonic flows, they
are desirable for use in low-weight power plants. An
application presently under consideration by NASA is the
use of a single-stage supersonic turbine in a hydrogen-
fueled open-cycle auxiliary space power plant [ll.
Very little quantitative information on supersonic and
transonic turbine performance is available in the literature.
Therefore, a Transonic Turbine Test Rig was built at the
Naval postgraduate School, Monterey, California. The test
rig was designed by Dr. M. H. Vavra of the Department of
Aeronautics to determine the effect of different blading
arrangements on turbine efficiency and to separate the
total losses of the turbine into those of the rotating and
the stationary rows of blades. With the Transonic Turbine
Test Rig, investigation of turbine performance for transonic
and supersonic rotor inlet velocities is possible.
The present study is concerned with the installation
modifications and calibration tests necessary to obtain
meaningful data for transonic or supersonic turbine perform-
ance analysis at high pressure ratios. Initial calibration
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tests using an impulse turbine with a stator, consisting
of converging nozzle type blading, and a rotor with circu-
lar-arc profiles with sharp leading edges are described.
Several instrumentation difficulties were experienced
during the initial tests which required a number of modi-
fications to the test installation. Tests are described
which were carried out with the turbine after the different
modifications of the Turbine Test Rig.
The author wishes to express his deep appreciation to
Dr. M. H. Vavra for his guidance during the experimental
work and for his help in the reporting of the study.
Thanks are also given to Mr. J. E. Hammer for his generous




The turbine investigated is a single stage axial flow
turbine of the impulse type which was designed for transonic
rotor inlet velocities. The rotor has double circular-arc
blade profiles with sharp leading edges and is one of three
rotors presently available for the Transonic Turbine Test
Rig, which hereafter is referred to as the TTR. The stator
used during the present turbine tests has converging type
nozzles. Also available is a stator with converging-
diverging type nozzles for supersonic stator discharge
velocities. The three rotors and the two stators are inter-
changable, and any stator-rotor combination can be tested
with the TTR. Of the six available combinations only one
was tested because of time considerations and the delays
because of the TTR modifications. Figures 1, 2, and 3 are
photographs of the stator and rotor of the turbine stage
tested. Scale drawings of the mean radius blade profiles
of tnis stator and rotor are shown in Pigs. 4 and 5»
respectively, pertinent turbine dimensions are listed in
Table I. The blading parameters indicated in Table I are
at the mean radius of the stage.
Another rotor which can be run in the TTR has double
circular-arc blade profiles with blunt leading edges. This
type of rotor, which is shown in Fig. 6, could be used in
high temperature applications where blade cooling is neces-
sary. A third rotor, whose blade profiles are shown in Fig.
L5
7, has blade profiles with gradually changing curvature.




Converging Stator and Circular-Arc
Rotor with Sharp Leading Edges
ITEM SYMBOL STATOR ROTOR
Number of Blades Z 31 60
Blade Height (in) h « 0.690 0.932
Blade tfidth (in) b 0.975 0.750
Hub Radius (in) h 3.895 3.826
Mean Radius (in) Rm 4.240 4.292
Tip Radius (in) H
t
4.585 4.763
Blade Spacing (in) s O.8594 0.444
Trailing Edge
Thickness (in) t 0.024 0.020
Throat Diameter (in) a 0.205 0.1313
Throat Area (in2 ) Ath 4.385 7.3^8




The TTR installation and instrumentation has been
described by Commons [2], Therefore, the information pre-
sented here will be concerned with the salient features of
the TTR only. However, modifications made to the TTR for
the impulse turbine tests will be covered in more detail.
The working fluid for the TTR is air which is supplied
by an Allis Chalmers VA 312 Compressor. As shown in Fig. 9>
the supply air enters the turbine test cell through the
inlet valve attached to tank 1 which is manually operated,
and normally in the open position. The turbine inlet valve,
which was originally a manually operated valve, was re-
placed by a remote controlled electrically operated .butter-
fly valve. Both the turbine inlet valve and the exhauster
inlet valve could then be operated simultaneously from the
control room. This change reduces the time spent to set
and maintain a desired pressure ratio if the TTR is operated
with the exhauster.
A scale drawing of the cross-section of the TTR is
shown in Pig. 10. Air enters the floating armature assembly
radially from a plenum which is instrumented with total
temperature and total pressure probes. Labyrinth seals,
with 0.005 inch radial clearance between the armature
assembly and the plenum, limit the leakage flow to about ?
per cent of the turbine flow rate. A conical screen is
fitted in the armature assembly to reduce the possibility of
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damage to the turbine by foreign objects. The air flows
through the conical screen into the stator plenum which is
instrumented xvith five fixed total pressure protes , one
3-hole survey probe, and two total temperature probes. In
addition a so-called bullet probe is installed at the down-
stream end of the armature assembly, which measures total
pressure and total temperature. The arrangement of these
probes is shown in Fig. 11.
The closure plate assembly, also shown in Fig. 11, was
completely redesigned for the impulse turbine tests. The
moment on the closure plate was obtained from six equally
spaced torque flexures. The flexures, which are 0.025 inch
thick and extend radially from an inner support to an outer
ring, are equipped with two strain gages. The strain gages
are arranged to measure the bending moments on the flexures
in the axial plane. The inner support is fastened to the
closure plate force flexure. The force flexure consists of
four webs of 0.080 inch thickness which are also instrument-
ed with strain gages. These gages measure the bending
moments applied to the flexure by the sxial force acting
on the closure plate. The signals from both sets of strain
gages was read on a Daytronic model 700 strain g&ge digital
indicator. Figure 12 is a photograph of the closure plate
assembly which shows the force and torque flexures. The
closure plate was calibrated on a specially built calibra-
tion rig by applying known forces and moments with various
combinations of weights. The arrangement of the calibration
rig is shown in Fig. 13. Figure 14 gives two views of the
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closure plate assembly installed in the TTR.
Stator hub and tip static pressures are measured in
the cavities between the stator assembly and the closure
plate, and between the stator assembly and shroud, respec-
tively. These static ports are shown in Fig. 11. The
outer shroud is instrumented with seven static pressure
taps, P through p ? , spaced at 0.25 inch intervals from15 -*-
about the mid-rotor plane to the downstream end of the
shroud. Tne last four static taps determine the shroud
pressures needed in the momentum analysis of the inlet
guide vanes.
There are seven shroud inserts available with differ-
ent inside diameters. All inserts are cylindrical with the
exception of two, one with a five degree slant and the
other with a ten degree slant, for tapered rotor blade tips.
Only the cylindrical shroud insert with an inside diameter
of 9.5^6 inches was used in the present tests. The arrange-
ment of the shroud, the shroud insert, and the seven static
pressure taps is shown in Fig. 15.
Different radial tip clearances are obtained with a
particular shroud insert by reducing the rotor diameter.
The radial clearance used for the present tests was 0.010
inch.
The turbine rotor, shown in Fig. 11, is supported by
two sets of precision ball bearings which are lubricated by
oil mist. Two photographs of the rotor in the bearing
stand are shown in Fig. 16. The axial clearance betx^een
the stator and rotor is varied by sliding the rotor bearing
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assembly in the bearing stand. The minimum axial clearance
is limited by the distance by which the closure plate
extends beyond the trailing edges of the inlet guide vanes.
Operating at 20,000 rpm and pressure ratios of k or more,
the minimum axial clearance is about 0.1 inch.
The stator assembly, shown in Fig. 17 » is supported
by flexures which permit measuring of the reactions of the
stator discharge flow by means of reluctance type force
gages. One of the flexures was instrumented with strain
gages for the final three runs of the impulse turbine. The
results obtained with the strain gage and the reluctance
capsule measurements are discussed in Section 8.
An air dynamometer capable of absorbing 200 HP at
20,000 rpm is used to measure the turbine torque. The
torque is measured by a reluctance type force capsule
which is attached to a 20 inch long lever arm that is
fitted to the dynamometer housing. The force gage limits
the angular rotation of the dynamometer housing to about
0.25 degree. Originally a so-called direct reading spring
capsule, which turns by about 30 degrees at maximum torque,
was used as a bearing housing for the dynamometer. At
the small rotation of the dynamometer housing it was
believed that the coil spring which serves as the measuring
element of the capsule would not affect the readings of the
reluctance gage. This assumption was proven false and it
was necessary to remove the coil spring (Section 8). Simi-
lar to the rotor bearings, the dynamometer bearings are
lubricated by oil mist.
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All pressures are measured by mercury manometers ex-
cept the pressure difference across the flow nozzle, which
is read on a water U-tube manometer. All temperatures are
measured with Iron-Cons tantan thermocouples using an ice
bath as a reference. The hood temperature, to which
reference is made in this study, was measured by a thermo-
couple located in the plastic casing of the stator torque
capsule. This casing shields the thermocouple from the
flow of air in the hood. The location of the thermocouple




The turbine flow nozzle installation and the calibra-
tion techniques used are described by Eckert [3l. Early
tests by Eckert indicated that the nozzle n ischarge co-
efficient was a function of nozzle supply pressure. Fur-
ther investigation by Naviaux at nozzle supply pressures of
20, 22, and 24 psia showed that the nozzle coefficient
was a function of Reynolds number only [4]]. The latter
result was obtained with the equations used by Eckert and
an expansion factor Y, for nozzles instead of sharp edge
orifices in accordance with the ASME Power Test Codes [5].
Nozzle supply pressures for the turbine performance
tests normally vary between 30 and 42 psia. Because of
past experience with the calibration of the TTR flow
nozzle it was decided to carry out additional tests at
supply pressures of 24, 29, 34, 39 » and 42 psia to verify
the results which Naviaux obtained at lower pressures.
The test data were reduced by using the IBM 3oO Computer
of the Naval Postgraduate School. The data reduction program
was similar to that of Naviaux with the exception that the
specific gravities of mercury and water in the manometer
were corrected for the temperatures in the control room
and that only the flange taps of the sharp edge orifice in
the calibration pipe were used. The specific gravities
of water and mercury as a function of temperature, and the
standard conversion factors used for data reduction, were
22
obtained from the International Critical Tables [61.
The program description and the reduced data are given in
Appendix I. In Pig. 18 the results of the nozzle calibra-
tion tests are plotted as a function of Reynolds number.
Above a Reynolds number of 7(10-5) these results differ by
less tnan 1 per cent from those found by Naviaux. Below
a Reynolds number of 7(10 ) Naviaux' s nozzle coefficient
decreases sharply to a value of 1.002 at a Reynolds number
of 4.2(10^). The nozzle coefficients obtained from the
present tests decrease less sharply below a Reynolds number
of 7(10 ) resulting in differences of between 2 and k per
cent at Reynolds numbers between 4.2(10 ) and 6(10 ). Since
the present study was concerned with flows over a wider
range of Reynolds numbers, considerably more data were
taken at Reynolds numbers below 6(10 ).
An analytical expression for the nozzle discharge
coefficient as a function of Reynolds number was obtained
by using the method of least squares. This expression,
which represents a fourth order polynomial approximation
to the reduced data and is also plotted in Fig. 18, is
-1 -7 -13 2














= Reynolds number referred to nozzle diameter
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The maximum deviation between reduced data points and the
analytical curve in the operating range of the impulse




PLENUM LABYRINTH SEAL LEAK RATE
The method used for the plenum labyrinth seal leak
tests and the associated instrumentation are described by
Eckert [3l. Although the measuring techniques remained
unchanged, the tests were carried out over a wider range
of operating conditions.
The purpose of these tests was to find a simple ana-
lytical expression for the determination of the leak rate
as a function of the pressure ratio across the labyrinth.
This expression should cover the entire operating range of
the TTR. To accomplish this goal two series of labyrinth
leak tests were performed. The so-called hooded configura-
tion of the TTR was used for both test series. Figure 9
represents a schematic of the installation of the TTR and
shows the exhauster with the necessary piping for hooded
operation. Labyrinth leak rates at pressure ratios be-
tween 1 and 6 were measured in both series of tests.
The first test series was performed before the impulse
turbine was tested. Prom these tests a referred leak rate
as a function of labyrinth pressure ratio was determined
which was based on the actual labyrinth flow rate obtained
from the square-edged orifice data for different conditions
2
in the plenum. The referred leak rate (in ) is
^=^y%r < 2 >
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where
rf - labyrinth flow rate (Ibm/sec)
2
P. as inlet plenum total pressure (lb /in )
T = inlet plenum total temperature ( R)
tp
R - gas constant for air (ft-lb /lbm-°R)
2
g = gravitational constant (lbm-ft/lb -sec )
The results of the first series of labyrinth leak tests
and the analytical expression derived from them are shown in
Fig. 19. It can be seen that the labyrinth leak rate be-
comes choked at a pressure ratio of about 3« The referred
labyrinth leak rate for the choked condition is equal to
0.073. This value corresponds to a flow rate between O.Co
lbm/sec and 0.1 lbm/sec, depending on inlet total conditions.
After the first twelve test runs of the impulse turbine,
inconsistent values of turbine flow rates were noted.
Analysis of these runs indicated that the inconsistency
was probably due to errors in the labyrinth leak rate
(Section 8). Re-evaluating the data from the first series
of labyrinth leak tests, it was noticed that the hood tem-
perature from run to run did not vary by more than 8 F and
remained practically constant during each run. However,
during normal operation of the TTR with the turbine installed,
the hood temperature is a function of the turbine discharge
temperature and varies with turbine speed. Furthermore, the
variation of hood temperature at different pressure ratios
can be as much as 90 F. The difference in the range of
hood temperatures during the first labyrinth tests and
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during normal operations of the TTR made it necessary to
perform a second series of leak tests. For this series a
two inch pipe with a gate valve was connected from tank 1
to the TTR hood. Since the air temperature in tank 1 can
be changed by about 100°F, it was possible to control the
hood temperature.
Three tests were performed at hood temperatures of
59 F, 91 F and 116 F, each for the whole range of pressure
ratios of the TTR. The results of these tests are given
in Fig. 20, which shows the referred leak rate of Eq. (2)
as a function of labyrinth pressure ratio. From this
figure it is seen that the labyrinth leak rates depend on
the hood temperature. Above a pressure ratio of 3 the
referred leak rate varies by 12 per cent for a change in
hood temperature of 57 F. Since this temperature can vary
o
by 90 F during the turbine tests, an expression for the
leak rate was empirically obtained which is independent
of hood temperature and inlet plenum conditions. This
expression is obtained by multiplying Eq. (2) with a cor-
rection factor which depends on the hood temperature and
the inlet plenum total temperature. This so-called modified




4> = expression from Eq. (2)
2?
t s= inlet plenum total temperature (°p)
t = hood temperature ( P)
h
Figure 21 shows <$» as a function of labyrinth pressure
ratio from the tests at the three above-mentioned hood
temperatures. An analytical expression forCjX-™ as a
function of labyrinth pressure ratio was obtained from the
method of least squares, by approximating the test data by
a fifth order polynomial,, The resulting expression is
d> = -0.1004586 + 0.2122579r - 0.108l851r2 +
0.0276576^ - o,003^89933r + (4)
0.0001726733r
where
r = labyrinth pressure ratio = p. /p2
2
P = hood static pressure (lb f/ln )
Equation (4) is plotted in Pig. 21. The maximum deviation
between the test data and the analytical curve is 4 per cent
for the operating range (1.0<r<4„0) of the impulse turbine.
The IBM 360 Computer was used to reduce the data for
both series of labyrinth leak tests. The computer program
for the data reduction is presented in Appendix I together
with the output for the second series of tests.
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SECTION 6
ANALYSIS AND DATA REDUCTION
6.1 General
The TTR is instrumented to obtain data for a one-
dimensional performance analysis of single stage axial
turbines. It is assumed that steady axisymmetric flow
conditions exist at the entrance and exit of the blade
rows and that the flow on the mean stream surface is re-
presentative of the flow through the whole stage. The
mean stream surface is assumed to exist at the mean radius
R = _E " (5)
where
R = radius of stator blade tip (in)
R = radius of stator blade hub (in)
The TTR data were analyzed on the IBM 3&0 Computer
at the Naval Postgraduate School. The computer program
is described in Appendix I, which give samples of print-
outs for runs 32, 33 a^ 3^.
6.2 Flow Rate Determination
The flow rate through the turbine is the difference of





a = *r - *fTn L
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where
irf = nozzle flow rate (lbm/sec)
dj - labyrinth leak rate (lbm/sec)
The nozzle flow rate is obtained from the nozzle flow
equation given by Commons (Reference 2, p. ^6). However,
the nozzle discharge coefficient K is determined from
£q» (1). Moreover, the constant in Commons' equation was
found to be incorrect. The correct equation for the deter-
mination of U is
n
where
D = nozzle throat diameter (in)
n
'
a = coefficient of thermal expansion of the flow
n nozzle (dimensionless
)
K = nozzle discharge coefficient from Eq. (1)
(dimensionless
)
Y = expansion factor (dimensionless)
1
h = differential pressure across the pressure taps
w at 68° F (in H
2 0)
P = absolute static pressure at upstream pressure
noz tap (lb/in2 )
T = temperature at upstream pressure tap (°R)










where ($> is the modified referred labyrinth leak rate
LI'i
obtained from Eq. (^-)
6. 3 Stator Entrance properties
The total pressure p. at the stator entrance is takento
as the average of the data obtained with the five fixed
total pressure probes. A radial survey with the 3-hole
flow probe at this location indicated a maximum variation
of 0.75 per cent in total pressure from stator hub to stator
tip. The results of this pressure survey are presented in
Fig. 22. The total temperature T. is obtained from twoto
Temperature-Kiel probes.
6. k Stator Discharge properties
The stator discharge properties can be obtained from
trie momentum and moment of momentum equations applied to
the fluid in the stator assembly. These two fundamental
equations yield the axial and peripheral velocities from
which the other discharge properties can be derived. In
addition, the axial velocity component can be obtained
also from the equation of continuity applied to the
stator exit. The equations used in the stator analysis
are presented here without derivation, since they are
given by Messegee [7~1. From the theorem of angular
mementum
Vul= 12(Ks + Kcl )s/;' H»l (9)
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where
V , = peripheral component of absolute velocity at
stator exit (ft/sec)
M = moment acting on stator assembly, measured by
s a reluctance gage (ft-lb )
M , = moment acting on closure plate (ft-lb )
H - mean radius at stator discharge (in)
ml
The two values of the average axial velocity component
obtained from the momentum and continuity equations are
used to establish a parabolic change of the pressure at the
stator discharge between the measured pressures at hub and
tip such that both methods yield the same results. These
calculations are carried out by an iteration procedure of
the computer program. However, the resulting pressure
distribution cannot be verified experimentally. The
stator exit pressure distribution is first assumed to be






ol - F - 2n / p^drl (10)
where
V = axial velocity component at stator discharge
al (ft/sec)
P = force acting on stator assembly, measured by
s reluctance gage (lb )
F = force acting on stator assembly by closure plate,
°1 measured by strain gages (lb )
P - sum of pressure forces acting on stator assembly









The last term of Sq. (10) is then evaluated by assum-
ing that p varies parabolically from hub to tip. A
factor
€
is introduced so that the shape of the parabola
can be changed to satisfy continuity considerations. prom
the derivation presented In Appendix II
Htl
TT,




(1 -i €)R* + H*,^, - (2+€)R :
tl ti ill til
(11)
3 ti
(2 + €)Hti " RtiRhi ~ & + € > Hhi
where
P = hub static pressure at stator discharge (lb /in)
hi i
Pt -, = tip static pressure at stator discharge (lb /in)
The integral of Eq. (10) can be represented by an
average stator discharge pressure p_ , multiplied by thelav
stator exit axial area. Using Eq. (11),
hi
lav
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1A-, = effective axial flow area at stator exit (in )
2 2
= conversion factor, 2gjc (ft /sec - °R)
p
= specific heat at constant pressure (BTU/lbm-°R)
P
The axial velocity component obtained from Eqs . (10)
and (13) varies directly with the stator discharge pressure
Since this pressure is a function of the factor 6 , an in-
crease or decrease in 6 will increase or decrease the
axial velocity, respectively. The solutions of these
equations are matched by varying
€
until the velocity
calculated with Eq. (10) equals the velocity calculated
from Eq. (13). This iteration is possible because the
value of Eq. (10) changes more rapidly for a change in
6 than the value of Eq. (13). The absolute velocity at
the stator exit is then
2 9 i
1 L al ul J (1*0
The static temperature T, at the stator exit is found from






From Fig. 23, which represents a velocity diagram of a
turbine stage, it can be seen that the angle of the abso-
lute flow at the stator discharge is
a
x
= Tan'1 (Vul/Val ) (16)
Further, the relative velocity W- at the rotor inlet has
an axial component
J = V (17)
al al
and a peripheral component
W , = V , - U. (18)
ul ul 1
where, with N representing the rotor speed in rpm,
U -
NnRml (19)
Thus, the relative velocity is
"l-p'.J+lJ]* (20)
The angle of the relative flow at the rotor inlet is
&- Tan_1 iVV < 21 >
The speed of sound of the air at the stator exit is
a
x
= [7gRT ]* (22)
where V is the ratio of the specific heats of the working
fluid. The absolute and relative ftach numbers of the flow
35








M^ = Vax (24)
In accordance with Pig. 2^, the stator loss coefficient
L is defined as3 s
t (




xto| PtoT,. = uA^\y ^)









V = 2gjc (Tto - T ) (28)p z lis
The stator efficiency is
V, - i - £ s ( 29)
The so-called flow function ($> is given by Vavra (Refer-
ence 8, pt. I, p. C24) as
th to
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where A = stator throat area given in Table I (in ).
th






where p., = stator throat static pressure (lb /in ).
vi 1 I
The stator throat pressure is assumed to equal P until
lav
the flow through the stator becomes choked. For choked
conditions the pressure ratio P.
,
/P in Eq. (31) is takenth to
as the critical pressure ratio, which for air is equal to
0.5283. A stator blockage factor can now be defined by
£-*'** (32)
Therefore, r represents that percentage of throat area
which would be necessary to pass the flow if the expansion
process through the stator were frictionless
.
6. 5 Rotor Discharge Properties
The rotor discharge properties are obtained by the
application of the moment of momentum equation, the continu-
ity equation, and the energy equation to the fluid passing
through the rotor. The flow in the rotor will be treated
with respect to a relative coordinate system. In this
manner the fundamental laws, applied to the rotating row of
blades, will yield discharge properties analogous to those
obtained for the stator.
3?
Prom the moment of momentum equation the peripheral
component of the absolute discharge velocity is
^1 12MD S
u2 ' \2 ul \2* (33)
where
M = moment acting on the dynamometer measured by a
" reluctance gage (ft-lb^)
R = mean radius at rotor discharge (in)
m2
The peripheral component of the relative velocity is






Introducing the so-called equivalent temperature T
as defined by Vavra (Reference 8, pt. Ill, p. G^), the
energy equation for relative flows becomes
E
LE ~ ^1 + 2gTc~ 2gjc ' X 2 2gJc
P p p
(36)
Using the energy equation in this form with the contin-
uity equation, the static temperature at the rotor dis-


















P = hood static pressure (lb /in )
2
A = effective axial flow area at rotor discharge (in )
From Fig. 24, the total temperature at the rotor discharge
is
t. = t - At, (38)
t2 to ri
The temperature drop AT , is proportional to the work
generated by the turbine stage or
At = —2- (39)
vJ WO J
where
CO = rotational speed of rotor (rad/sec)
From Euler's turbine equation, AT is also
w
At = x ul 2 u2 (4o)
In accordance with Fig. 24, the absolute and relative
velocities at the rotor discharge are
V
2
= C< Tt2 " T2> 2eJc p]
5 (*Ds
rf = [(T - T )2gjc ]* (42)
2 Ji <c p
The axial velocity components of V and rf are
V = w = [V* - V *]* (43)
a2 a2 u 2 U2"1
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Prom Pig. 23, the angles of the absolute and relative veloc-




P2 = Tan"1 (Wu2/Wa2 ) (45)
.
With the equivalent temperature of Eq. (12), the rotor loss
coefficient- is obtained from









r = iJr 7 (47)
where
p = total equivalent pressure at the stator dis-
El
2
charge (lb /in ). From Pig. 24, the rotor loss coefficient









U l " ^*p«l-T2i«' (49)




For the evaluating of the overall performance of a
turbine stage it is advantageous to use dimensionless
coefficients. The performance parameters presented in
this section are those given by Vavra [9].
The overall stage efficiency is the ratio of the work
generated by the turbine stage and the isentropic enthalpy
drop across the turbine from the total conditions at the
stator inlet to the static conditions at the rotor dis-















tQ[l - |^- ] (52)
AT. can be expressed also byis
C
2
At = —^— (53)
is 2gjc
P
where G is the theoretical velocity obtained by an isen-
o
tropic expansion from P to p .
to 2
The theoretical degree of reaction r* is that fraction
of the isentropic enthalpy drop of the turbine stage which
is used up by the rotating row of blades. It is a measure
41




Using Eqs. (26), (28), (52) and (53) the degree of reaction






where p» = p. . or p (lbf/in ).
The isentropic head coefficient K, is used to estimateis
the number of stages necessary to handle a given isentropic
enthalpy drop at a given speed u . It is defined as
Kis ,Un
(56)
The work coefficient K is a measure of the actual work
that the stage generates per unit mass of fluid at a given





The peripheral speed U was selected to make K and
1 is
K dimensionless since it is usually a fixed quantity deter-
mined by rotor stress considerations.
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Referred values of flow rate, rotational speed, dyna-
mometer moment, and horsepower are obtained by using the















DESCRIPTION OF TURBINE TESTS
During the present study the TTR was operated for 191
hours, 8^ of which were used for calibration tests with the
impulse turbine installed. The initial tests consisted of
the runs conducted before the second series of labyrinth
leak tests, and the final tests consisted of three turbine
test runs that followed these labyrinth tests.
During the first run of the impulse turbine foreign
object damage to the circular-arc rotor blading was en-
countered. The damaged rotor, however, could be saved by
cutting back the leading edge of the blade row by 0.125
inch and shaping each blade as shown in Fig. 6. Another
circular-arc rotor with sharp leading edges was installed,
and the tests were resumed.
Tne next five runs were carried out witnout the ex-
hauster system at a pressure ratio of 2.0 and different
axial clearance A X between the stator and the rotor. The
turbine was tested at A* equal to 0.200, 0.250, 0.265,
0.300 and 0.350 inch. As stated in Section 3 the radial
rotor tip clearance was 0.010 inch for all runs. Data
were taken at rotor speeds between 1^,000 and 20,000 rpm,
where the lower speed was imposed by the maximum torque
absorption of the dynamometer.
After the optimum clearance A -£ was determined, the
exhauster was installed for so-called hooded operation of
the TTR. Tests were conducted at turbine pressure ratios
kk
of 1.5, 2.0, 2.5, 3.0, 3.5» and 4.0 at speeds up to 20,000
rpm. Several runs were conducted at pressure ratios of 2.0
and 3»0 to insure that consistent results could be obtained.
The minimum speed possible with the presently installed
dynamometer varies with pressure ratio. The minimum speeds
for the above-listed pressure ratios were 9,000; 11,000;
12,500; 14,000; 15,000 and 16,900 rpm, respectively.
A particular turbine pressure ratio can be set by
different combinations of stator inlet pressure and hood
pressure. However, to adopt a standard procedure, the
stator inlet pressure was kept at 5 inches of mercury above
the atmosphere, and the pressure in the exhauster was
varied to obtain the desired pressure ratio up to a value
of about 2.7. For higher pressure ratios the maximum
vacuum of about 17 in. Hg was maintained and the stator
inlet pressure was increased.
From the initial test results, discrepancies were
found in the turbine flow rates and the loss coefficients
of stator and rotor. As discussed in Section 8, the second
series of labyrinth leak tests was then undertaken to in-
vestigate the leakage flow problem. The unrealistic loss
coefficients could be attributed to inaccurate measurement
of the torque which is exssrted on the stator assembly.
Inaccurate stator hub and tip static pressures were
thought to be a secondary cause for this discrepancy.
For the final three runs the reluctance type force
capsule used for measuring the stator torque was disconnected
45
and one of the horizontal torque flexure shown in Fig. 1?
was instrumented with strain gages to measure the torque of
the stator assembly c Additionally the static taps for the
measuring of the hub and tip pressures at the stator dis-
charge were modified and static taps were arranged to
determine the pressures at the hub and tip radius of the
stator throat section as shown in Pig. 15.
The final tests were conducted with the hooded con-
figuration of the TTR. For two of the three runs data were
recorded at various speeds between the minimum possible
and 20,000 rpm at pressure ratios of 2.0 and 2.5. The
third run was carried out at a fixed speed of 13,080 rpm
and a constant pressure ratio of 2.5o For this run the
stator inlet total temperature was varied between 135 and




RESULTS AND DISCUSSION OF TURBINE TESTS
Figure 25 gives the measured total-static turbine
efficiencies as a function of the referred speed at differ-
ent values of the axial clearance Ax. It is seen that
the maximum efficiency of 83. per cent was obtained for
an axial clearance of 0.250 inch.
Increasing Ax to 0.265 and 0.30 inch produced optimum
efficiencies of 82.2 per cent and 82.8 per cent, respec-
elyj indicating that the values obtained for Ax = O.265
inch might be doubtful. At a reduced axial clearance of
0.20 inch the optimum efficiency is about 82.2 per cent,
equal to that obtained for Ax = 0.35 inch.
The efficiency, as defined by Eq. (51 )> depends on
the dynamometer torque MD and the mass flow rate A, for
given values of turbine pressure ratio p. /p , inlet total
uo 2
temperature T. , and rotational speed N. The influence of
dynamometer torque can be seen by the plot of referred
dynamometer moment against referred rotor speed of Fig. 26.
Figure 26 shows these data for values of AX of 0.250,
O.265 and 0.300 inch. The graph shows that the values of
referred dynamometer moment at Ax = 0.250 inch and
Ax = 0.300 inch lie on the same curve, whereas the data
for Ax = O.265 inch form a curve that is parallel to but
below the curve for the other clearances. Therefore, it
can be concluded that the low efficiency obtained with
Ax = 0.265 inch was due to low values of measured
4?
dynamometer torque. During the tests the dynamometer seemed
to be functioning normally, and no reason could be found to
explain the lower readings. However, during the next
several runs it was noticed that the dynamometer readings
would sometimes fluctuate by 10 or more counts as the temper-
ature of the dynamometer housing increased. It was found
that the fluctuations were due to expansion and contraction
with temperature of the coil spring that was located inside
the capsule which served as the bearing housing of the
dynamometer. After removing this spring consistent values
of dynamometer torque were obtained. The results of the
runs with the hood attached with Ax = 0.250 inch indicated
that there were inconsistencies in the data necessary for
the calculation of the efficiencies and the stator and
rotor loss coefficients. These discrepancies will be
discussed by comparing the data of runs 21, 23 and 24
carried out with the hood, with the data obtained from run
20 where the turbine discharged into the atmosphere. Runs
20 and 21 were carried out at a pressure ratio of 2.0, and
runs 23 and 24 at a pressure ratio of 3.0.
The efficiency as a function of head coefficient K.is
for the four runs is shown in Fig. 27. It can be noted
that the efficiency was different for the runs at equal
pressure ratios. Moreover, the maximum efficiency was
obtained at a value of K. of about 3.7 for runs 20, 21,is




Figure 28 shows the referred dynamometer moment as a
function of referred speed. It is evident from this graph
that the difference in efficiencies at a pressure ratio of
3.0 was due to the higher values of the referred dyna-
mometer moment obtained during run 2k, The non-linear
shape of the referred moment curve accounts for the
different value of K at which the maximum efficiency for
is
run 2k was obtained.
During later runs it was noticed that fluctuations
occurred in the dynamometer moment readings. Examination
of the reluctance gage showed that a lead from a cannon
plug to the gage had broken within the insulation. This
faulty lead may have affected the dynamometer readings
during run 2k.
The referred moments for runs 20 and 21 plotted against
referred speed lie on the same curve. Equal referred
moments for a given referred speed and pressure ratio indi-
cate that the difference in efficiency must be due to
differences in mass flow rates. Since it was believed that
errors in turbine flow rate were due to wrong values of
labyrinth leakage, the second series of labyrinth leak tests
was undertaken as discussed in Section 5. As stated earlier
it was found from these tests that the labyrinth leak rate
is a function of hood temperature. However, the new
labyrinth leak rates used for the reduction of the data
from runs 20 and 21 did not account for the difference in
efficiency of 1.7 per cent since the variation in hood
temperature between the two runs was only 12°p. Without
/+9
further testing it is not possible to explain the differences
in the efficiencies of Pig. 26.
Equation (25), (27), (46) and (48) show that the stator
and rotor loss coefficients depend on the discharge proper-
ties after the rows of blades and can be obtained from the
calculated velocities., These velocities are obtained with
the methods explained in Section 6. The peripheral com-
ponent of the absolute velocity after the stator is deter-
mined primarily from the stator torque measurements. It
is about 3 to k times larger than the axial velocity
component. Thus a variation in peripheral velocity in-
fluences the losses more than an equal percentage variation
in axial velocity. Figure 29 shows the stator torque read-
ing as a function of speed for runs 20, 21, 23, 24 and 25.
All the runs clearly indicate a decrease of the order of
15 per cent in the stator moment as the speed is increased
from the minimum rotor speed to 20,000 rpm. It can be
shown that a 3.5 Pe ** cent variation in the stator moment
will change the rotor loss coefficient by about 0.10,
hence it can be concluded that the measured stator moments
are responsible for the inconsistent values of the losses.
Therefore, it was decided to monitor the read-out of the
stator torque capsule during the second series of labyrinth
leak tests to determine if a change in hood temperature
would Influence its reading. Since a closure plate was
placed over the stator discharge during these tests, any
variation of the stator torque capsule reading from its
calibration setting had to occur because of different
50
thermal expansion of the capsule and the frame to which the
capsule is attached. Figure 30 is a plot of the torque
capsule readings for different hood temperatures. The
latter are given in millivolts above the electrical read-out
of the instrument at the calibration temperature. The
calibration temperature, which changed for each run, was
the hood temperature at which the capsule was set to zero.
Figure 30 shows that the read-outs of the stator torque
capsule are strongly affected by the hood temperature.
The read-outs varied by 10 to 15 per cent of full scale
read-out over a 56°F temperature range. To separate the
overall losses into stator and rotor losses with a suffi-
cient degree of accuracy, the variation of the stator torque
must be less than 2.5 Per cent of full scale read-out. The
axial stator force, which was monitored also during these
tests, varied by less than 1 per cent of full scale read-
out in the same temperature range. Since both reluctance
capsules are identical except for their operating range,
it was concluded that the large variation in the stator
torque capsule read-out was due to the thermal expansion
of the frame to which the capsule is fastened. This con-
clusion is supported by Fig. 1? since the U-shaped frame
to which the capsule is attached is made of aluminum
whose coefficient of thermal expansion is at least twice
that of the capsule and its attachment rods.
For the final series of tests one of the horizontal
torque flexures shown in Fig. 17 was instrumented with
strain gages to measure the stator torque, and the
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reluctance torque capsule was removed. Additionally, as
shown in Pig. 15 » the outer diameter of the closure plate
rim was reduced by about 0.030 inch to avoid impingement of
flow on the rim which could falsify the readings of the
static hub pressure. This modification was necessary
since the closure plate assembly could not be centered
perfectly with the stator assembly. Moreover, as shown in
Fig. 15 » a cylindrical shim was placed behind the upstream
end of the shroud insert which blocked the upper portion
of the stator tip static port, reducing its radial width
from O.O69 inch to about 0.025 inch, to ensure a more
accurate measurement of the stator tip pressure. From
iSq. (10) it is evident that correct measurements of the hub
and tip pressures are necessary to obtain accurate values
of the axial velocity component after the stator.
Results of tests indicated that the readings obtained
by the strain gages attached to the torque flexure were
influenced by the hood temperature also. Figure 31 shows
the stator and rotor loss coefficients obtained from the
data of a run at a constant rotor speed and constant
pressure ratio. In Fig. 31 these loss coefficients are
shown as functions of the measured hood temperature. It
is seen that reasonable values of the loss coefficients
were obtained only if the hood temperature did not differ
by more than about 2°F from the temperature at which the
torque flexure strain gages were calibrated. During this
test it was noticed also that the temperature difference
along the flexure was about 70°F, which made it impossible
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to compensate the strain gage circuit for temperature. Thus
it can be concluded that accurate measurements of the
stator moment are not possible with the torque flexure or
the reluctance capsule as presently installed in the TTR.
However, it is felt that accurate measurements can be
obtained with the reluctance capsule if it is relocated as
recommended in Section 9.
The change in the axial velocity due to the modifica-
tions to the stator hub and tip static pressure ports was
negligible. It was found that the tip pressure decreased
by about 2 per cent and that the hub pressure remained
unchanged from values recorded for similar runs during
earlier turbine tests.
As stated in Section 7 the stator throat was instru-
mented with static pressure taps at the hub and tip radii.
The throat hub static pressure was found to be the same as
the hub pressure measured in the gap between the closure
plate and the stator hub. Whether this condition truly
occurs or whether it occurs because of a leak in the
measuring line can be verified only by additional tests.
The throat tip pressures measured at an overall turbine
pressure ratio of 2.5 were 15 per cent higher than the
theoretical pressure for choked conditions. The theoretical
critical pressure ratio for air is 1.89 and that obtained
from the measured stator throat tip pressure was 1.60.
This indicates that either the flow is not choked at the
tip at a overall turbine pressure ratio of 2.5 or that
the pressure tap is located upstream of the actual stator
throat. Tests at higher pressure ratios would show





The rotor and stator losses cannot be separated
accurately with the present instrumentation of the TTR
because of the difficulties associated with the measure-
ment of the moments that act on the stator assembly. It
is felt, however, that accurate measurements of the stator
torque are possible if the force capsule is arranged near
the back strut of the cradle that supports the stator.
The capsule should be mounted vertically with one end
connected to an arm attached to the cylindrical inlet pipe
and the other end to a steel frame which is bolted to the
cradle. Using steel for the frame reduces the differential
thermal expansion of the frame and the capsule. To reduce
temperature effects further, an enclosure should be built
around the frame and the capsule into which a small amount
of ambient air would be blown from the atmosphere to keep
the capsule and frame at constant temperature, A similar
arrangement has been successful in reducing the temperature
effects on the dynamometer force capsule (Reference 2, p. 33)
Further tests should be carried out at a number of
turbine pressure ratios between 2*0 and ^.0 to determine
whether accurate measurements of static pressure can be
obtained from the stator throat hub and tip taps as present-
ly installed, or whether these taps need to be relocated.
It is suspected that the static pressure line to the stator
55
throat hub tap has become disconnected in the cavity
between the closure plate assembly and the stator hub.
This possibility should be investigated before further
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COMPUTER PROGRAMS FOR FLOW RATE DETERMINATION
AND TURBINE TEST DATA REDUCTION
A. Program FLOCAL .
This program calculates the flow nozzle discharge
coefficient of the Transonic Turbine Test Rig by comparing
the flow through the nozzle with that through a standard
ASME square-edge orifice e The inputs for this program are:
Card
No. Format Units Fortran Description
1 13 L Number of runs to be
processed.
2 13 N Number of* data points in
a given run. Entries on
cards 2 through 11 are
repeated for each run.
Barometric pressure.















8F10.*4- in.Hg. PFL Orifice upstream static
pressure, multiple entries.
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4 8F10.4 ln.Hgb DH
5 8F10.4 in.Hg. PATM
6 ano.4 in. ;ig. PNOZ
7 8F1C.^ m.v. TNOZ
8 8F10.4 m.v. TTD1
10 8F10.4 in.Hg. PREF




orifice with flange taps,
multiple entries
.
B. program LABLEK ,
This program calculates the labyrinth leak rate of the
Transonic Turbine Test Rig. The referred labyrinth leakage
is computed and compared with the values obtained from the
analytical expression of Section 5. The variation between
these two values in percentage is included as output . The























L Number of runs to be
processed*
PBAR Barometric pressure.
N Number of data points in
the given run. Entries on
cards 2 through 12 are
repeated for each run.
NRUN Run number.
TGL Temperature of Hg. of
barometer.
TCR Control room temperature
PATM Reference of labyrinth
plenum pressure and hood
pressure, multiple entries.
PSPL Labyrinth plenum total
pressure, multiple entries.
PHD Hood static pressure,
multiple entries.




8 8F10.^ m.v. TTD1
9 8F1C.4 m.v. THD
10 8F10.4 in. He. PFL
11 8F10c4 In. He. PREF
12 8F10.4 om,H2 H'rfFL
Total temperature at up-










orifice with flange taps,
multiple entries.
C. Program TTRSS .
This program reduces the data obtained with the Tran-
sonic Turbine Test Rig. The program consists of an executive
routine and 10 subroutines. The executive routine provides
the calling sequence for the subroutines. This sequence is:
1. INPUT. This subroutine reads the input test data.
The data items which have multiple entries are so
indicated in the item description, all others are
single entry items. Each test run may consist of a
maximum of 50 data points. The input data consists of
the following items:
Units Fortran Description
MM Number of runs to be
processed
NRUN Run number. Entries
on cards 2 through 37
are repeated for each
run.










































Number of data points
in the given run.



















stator hub and tip




































TNOZ Flow nozzle temperature,
multiple entries.
TTPLD Labyrinth plenum total
temperature, multiple
entries.








AXIL Stator assembly axial
force, multiple entries.




CLAXIL Closure plate force,
multiple entries.
CLTRQR Closure plate torque,
multiple entries.
DATE Month/Day/Year.
TTYPEB I (circular-arc rotor
with sharp leading
edges) or II (circular-
arc rotor with blunt
leading edges).
STATOR I (converging stator)
or II (converging-
diverging stator).
METHOD MF (Val determined
using momentum and
continuity) or CF (Valdetermined using
continuity alone).
RMEAN Stator mean radius.
J Number of pressure
ratios tested in given
run.
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37 "(215) NPTS(K) First data point at
particular pressure
ratio.




pairs, one pair for
each pressure ratio
tested in given run.
2. SETCON. This subroutine consists of all the constant
factors used in the data reduction calculations.
3. CONVERT. This subroutine converts the units of the
input data into a single system compatible with the
equations of Section 6.
4. PLORAT. This subroutine computes the turbine flow
rate using the equations of Subsection 6.2.
5. STATOR. This subroutine uses the equation of Sub-
section S.k to calculate the stator discharge properties.
Subroutine MOMENT is called from STATOR when using
momentum and continuity to compute the axial velocity
component.
6. MOMENT. This subroutine determines the axial com-
ponent of absolute velocity by the application of the
momentum equation to the fluid within the stator assembly,
7. ROTOR. This subroutine computes the rotor discharge
properties using the equations of Subsection 6.5.
8. PERFRM. This subroutine computes the performance
parameters and the referred quantities of Subsection 6.6.
9. OUTPTA. This subroutine gives a detailed printed
output consising of the stator and rotor discharge
properties and the performance parameters.
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10. OUTPUT. This subroutine prints the turbine per
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FLCW RATE DISCHARGE RFYNOLOS
(L8M/SEC) COEFFICIENT NUMBER
4.5470 1.04339 12494^6.00


































































TEST SERIES N0Z7LE SUPPLY PRESSURE
3 34.30
ATMOS. PRESS. DATA POINTS GAMMA
14.735 2 1.4
POINT FLOW RATE (DISCHARGE OFYNOLDS
(LBM/SEC) COEFFICIENT NUMBER
1 4.2561 1.04044 1182130. OC
2 3.9094 1.04132 1085137.00
TEST SERIES N0Z7LE SUPPLY PRESSURE
4 34.25
ATMOS. PRESS. DATA POINTS GAMMA
14.700 10 1.4
POINT FLOW RATE DISCHARGE REYNOLDS
(LBM/SEC) COEFFICIENT NUMBER
1 3.4087 1.03932 944578.00
2 3.0387 1.04327 842217.06
3 2.5675 1.04209 711613.37
4 2.3839 1.04038 660725.44
5 2.1594 1.03792 598632.69
6 1.9635 1.03493 544912.75
7 1.7285 1.03260 479896.50
8 1.4205 1.02484 395303.19
9 1.1926 1.02393 332649.62
10 0.9363 1.00979 261676.87
TEST SERIES NOZZLE SUPPLY PRESSURE
5 29.35
ATMOS. PRESS. DATA POINTS GAMMA
14.682 j 9 1,4
POINT FLOW RATE DISCHARGE REYNOLDS
(LBM/SEC) COEFFICIENT NUMBER
1 3.9243 1.04078 1094621.00
2 3.5504 1.04636 9<>07^1.62
3 3.1456 1.04380 878523.81
4 2.7296 1.04415 762850.12
5 2.3435 1.04390 655627.62
6 2.0941 1.C4002 586375.50
7 1.8079 1.03963 506764.06
8 1.4423 1.02582 404797.87
9 0.9900 1.02611 278830.06
100
TEST SERIES NOZZLE SUPPLY PRESSURE
6 24.39
ATMOS. PRESS. DATA POINTS GAMMA
14.603 4 U4
P0INT PLOW RATE DISCHARGE REYNOLDS(LBM/SEC) COEFFICIENT NOMRFP
\ 3.5521 1.04187 994823. »1
1 \ % \^¥Z 1.04286 872236.444 2.8472 1.04237 796562181
TEST SERIES NOZZLE SUPPLY PRESSURE
7 24.32
ATMOS. PRESS. DATA POINTS GAMMA
14.574 6 1.4
POINT FLOW RATE DISCHARGE REYNOLDS
(LBM/SEC) COEFFICIENT NUMBER
1 '2.5438 1.04131 711068.44
2 2.2157 1.03960 619473.12
3 1.9886 1.03360 556218.69
4 1.7660 1.03475 493973.37
5 1.5451 1.03297 432556.75
6 1.2198 1.03049 342052.44
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EVALUATION OF THE FORCE ACTING ON THE STATOR ASSEMBLY
BY THE STATOR DISCHARGE PRESSURE
The pressure at the stator discharge p varies between
the pressure P at the hub and the pressure P^at the tip*
hi * tl *
This pressure is not necessarily a linear function of radius
r # In the present study the pressure p will be assumed
to vary parabolically from p, , at R to P^, at R suchhi lil tl tl
that at the mean radius R the pressure is (1 + € ) P ,
ml ml
where p = (P + P )/2. The value of the factor € will
ml hi tl




+ 1OTT lr-Rhl> + AP = Phl S<-V + AP (64)
where
P - P
S = JSk *i (65)
»tl " Rhl
and
Ap= A + A,r + A r2 (66)
o 1 2
The constant factors A , A_ , and A are obtained from the




AP = P -, at r = R = (R. . + R,
,
)/2. Thus
ml mi tl Til"
140
= A + A, R + A„R '
o 1 hi 2 lil
= A + A. Rtn + A R,.o T. tl 2 tl
€P„. = A + A R + A^R
ml 1 ml 2 ml
The above simultaneous equations are solved "by Cramer*
s
Rule, with
2i a - r, -
nl hi
1 R R. ?;
tl tl
1 R . R fml ml











(Hti- Bhl ,Ci(V+^ti )2 -^ Bhi + Hti )2 + Hhi Rtl ]












with Eq. {6?) t in like manner
(68)
A. =
^ Pml (Rtl + . Rhl)









(Rtl " V (70)
Substituting Eqs. (68), (69), and (70) into Eq. (66)
AP = 7^
—V-T2- [

























= - (Phl" SBhl )(^-I^) + fSCEt3.8h3] + a„ /APrdrahi
with Eq, (65)
'-D-










i n ^ R
UtlW ) Htl-Rhl




*sD - 5PhltRtl + RhlRtl - 2Rhl^ * 3Ptl^2Rtl " **!!*«. " ^
Uiti " hi ;
./ith p = (P +p )/2, the final expression for the force
ml hi tl





- / Plr dr " ^iCU + € >B* + Rhl Rtl - (2 + € )B^]
Rhl
(73)
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